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E-mail address: kin@mek.dtu.dk (K.L. Nielsen).Crack propagation in metallic materials produces plastic dissipation when material in front for the crack
tip enters the active plastic zone traveling with the tip, and later ends up being part of the residual plastic
strain wake. Thus, the macroscopic work required to advance the crack is typically much larger than the
work needed in the near tip fracture process. For rate sensitive materials, the amount of plastic dissipation
typically depends on the rate at which the material is deformed. A dependency on the crack velocity
should therefore be expected. The objective of this paper is to study the macroscopic toughness of crack
advance along an interface joining two dissimilar rate dependent materials, characterized by an elastic-
viscoplastic material model that approaches the response of a J2-ﬂow material in the rate independent
limit. The emphasis here is on the rate sensitivity of the macroscopic fracture toughness under mixed
Mode I/II loading. Moreover, special cases of joined similar rate dependent materials, as well as dissimilar
materials where one substrate remains either elastic or approaches the rate independent limit is also
included. The numerical analysis is carried out using the SSV model [Suo, Z., Shih, C., Varias, A., 1993. A
theory for cleavage cracking in the presence of plastic ﬂow. Acta Metall. Mater. 41, 1551–1557] embedded
in a steady state ﬁnite element formulation, here assuming plane strain conditions and small-scale yield-
ing. Results are presented for a wide range of material parameters, including noteworthy observations of a
characteristic crack velocity at which the macroscopic toughness becomes independent of the material
rate sensitivity. The potential of this phenomenon is elaborated on from a modeling point of view.
 2011 Elsevier Ltd. All rights reserved.1. Introduction fracture criterion, Dean and Hutchinson (1980) showed that theIt is widely recognized that the macroscopic fracture toughness
of interfaces between elastic–plastic solids are primarily governed
by plastic dissipation (Dean and Hutchinson, 1980; Suo et al.,
1993; Tvergaard and Hutchinson, 1992, 1993; Wei and Hutchin-
son, 1999; Landis et al., 2000; Tvergaard, 1997, 1999, 2001). As
the ﬁrst, Dean and Hutchinson (1980) applied a steady state ﬁnite
element formulation to study stationary crack growth in elastic–
plastic solids. Their numerical study revealed that a material hold-
ing a crack tip under small scale yielding conditions can be divided
into four distinctly different regions: (i) a remote elastic region that
follows the classical solution with a
ﬃﬃ
r
p
-singularity in the stress
ﬁeld, (ii) an active plastic zone that travels with the crack tip and
shields it from the surrounding elastic stress–strain ﬁelds, (iii) a
residual plastic strain wake, trailing behind the active zone, where
elastic unloading takes place, and (iv) a zone, often referred to as a
secondary loading zone, close to the free fracture surface where the
material undergoes elastic unloading followed by reverse plasticity
so that it remains in yielding. By introducing a separation basedll rights reserved.
45 4593 1475.fracture toughness accompanied by this plastic dissipation far ex-
ceeds that of the near tip fracture process. These results were con-
ﬁrmed in Tvergaard and Hutchinson (1992) for homogeneous
elastic–plastic solids and in Tvergaard and Hutchinson (1993)
and Tvergaard (2001) for mixed Mode loading of dissimilar mate-
rials, using a Lagrangian model formulation with cohesive zone
elements to represent the near tip fracture process. Moreover,
Tvergaard and Hutchinson (1993) and Tvergaard (2001) predicted
the strong dependence on the Mode mixity, with a Mode II tough-
ness much larger than that of Mode I. This has also been observed
in experiments by Cao and Evans (1989).
The fact that the fracture toughness depends heavily on plastic
dissipation has driven a number of studies on what affects the size
and shape of the plastic zone during stationary crack growth in duc-
tilematerials. Conventional plasticitymodels have revealed that the
macroscopic toughness, to a wide extend, is controlled by parame-
ters such as: the near tip fracture process energyCtip, the yield stress
ry, the strain hardeningN, theModemixityw0 and the local separa-
tion strength. Moreover, non-local studies of the additional harden-
ing effect owing to strain gradients near the crack tip have shown
interesting results. While the size and shape of the active plastic
zone is only little affected by size effects, it is shown in Wei and
Hutchinson (1997) and Wei et al. (2004) that the steady state
Fig. 1. Mixed Mode I/II crack growth at steady-state along an interface joining two
dissimilar rate sensitive materials. Employing the SSV model, an elastic material
strip of width 2D is introduced, while the crack is loaded remotely by the elastic K-
ﬁeld. The elastic material properties (E and m) are kept constant throughout this
study, with the uppermaterial denoted by (1) and the lowermaterial denoted by (2).
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gradient hardening. These studies are extended in Wei and
Hutchinson (1999) for interface separation of dissimilar materials
where one substrate remains elastic. Here, using either an embed-
ded cohesive zone model, or what is often referred to as the SSV
model, or a combination of the two, in order to relate the micro-
scopic and macroscopic scales. When based on conventional local
plasticity, the cohesive zonemodel is limited to separation strengths
on the order of r^=ry  4 5, above which no crack growth will oc-
cur since a sufﬁcient stress level cannot be achieved in front of the
tip. Obviously, this limits the cohesive zone approach to fairly weak
interfaces. The contrary is the case for the SSV model (Suo et al.,
1993), where an elastic singularity at the crack tip ensures that
much stronger interfaces, e.g. governed by cleavage cracking or
atomic separation, can be considered. However, the SSV model typ-
ically becomes invalid for low separation strengthswhere themodel
assumptions are violated (see Section 3). Crack growth has been
intensively studied using both steady state (Dean and Hutchinson,
1980; Hui, 1983; Dhirendra andNarasimhan, 1998;Wei andHutch-
inson, 1999) and Lagrangian (Tvergaard and Hutchinson, 1993;
Tvergaard, 1997, 1999, 2001) model formulations. The majority of
numerical studies found in the literature are conducted for rate
independentmaterials, which are valid only in the case of negligible
rate effects such as in metals at room temperature. Numerical stud-
ies on rate sensitive/creep metals can, however, be found in the lit-
erature (Freund et al., 1986; Siegmund and Needleman, 1997; Tang
et al., 2008a). The present work focuses onmaterial systems involv-
ing either high rate sensitivity at room temperature, or loading at
elevated temperatures. In fact, the present study is strongly tied to
the delamination process in thermal barrier coatings (Evans and
Hutchinson, 2007), but the general trends predicted apply to a wide
range of bi-metallic systems such as; crack growth during debond-
ing in metal matrix composites or whisker-reinforced metals
(McDanels, 1985; Niordson and Tvergaard, 2002), debonding of
large or elongated intermetallic inclusions (Lassance et al., 2007;
Di Cocco et al., 2010), and interface decohesion between two-phase
metallic systems (Bae and Nam, 1994; Khamedi et al., 2010), even
though those systems are not ‘‘inﬁnite layers’’.
For rate sensitive materials, the extent of the plastic zone that
shields the crack tip can be strongly dependent on the crack veloc-
ity, which in turn affects the macroscopic fracture toughness. This
is recognized for polymers, and both numerical (Webb and
Aifantis, 1995; Landis et al., 2000; Tang et al., 2008c,b) and exper-
imental (Du et al., 2000) studies have shown that for this type of
materials the fracture toughness can change by a factor of two with
a 5–10 fold increase in crack velocity. Somewhat lower, but similar
rate sensitivity should be expected for metals at elevated temper-
atures where viscous material behavior becomes important. The
objective of this study is to analyze the macroscopic toughness of
crack advance along an interface joining similar or dissimilar rate
sensitive metallic materials undergoing viscous deformation. The
primary goal is to derive general trends for the macroscopic tough-
ness of layered material systems, while future use of the ﬁndings
are emphasized. The SSV-model is employed to facilitate a fracture
criterion applicable for high strength interfaces found e.g. in metal/
metal systems or in metal/ceramic systems. Here, strain gradient
effects are omitted for future studies.
The paper is structured as follows. The boundary value problem
considered is summarized in Section 2, while the numerical
modeling approach and material model are presented in Section
3. Special attention is given to the steady state formulation of the
elastic-viscoplastic model for metallic materials. Results are pre-
sented in Section 4, where the effect of material rate sensitivity
on the macroscopic toughness of mixed Mode I/II crack advance
is illustrated for a wide range of dissimilar material interfaces. Con-
clusions are given in Section 5.2. Problem formulation
The boundary value problem considered in this study is that
also considered by Tvergaard (2001), of an interface crack growing
at constant velocity, _a, under steady state between two dissimilar
materials subject to mixed Mode I/II loading (see Fig. 1). Here,
employing the steady state model formulation by Dean and
Hutchinson (1980), combined with the SSV-model by Suo et al.
(1993) where an elastic plasticity-free material region of width
2D is imposed around the crack tip (see Fig. 1 and Section 3 for de-
tails). Fig. 1 shows a schematic of the steady-state crack growth
problem. Plane strain conditions and small scale yielding are as-
sumed, while the effect of material inertia is neglected. Remote
mixedMode I/II loading is applied on the outer boundary according
to the elastic solution of a semi-inﬁnite interface crack (Rice, 1988),
whereby the stress on the interface is given in terms of the remote
stress intensity factors (KI and KII)
r22 þ ir12 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p ðKI þ iKIIÞ ð1Þ
with i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
and the Mode mixity deﬁned as w0 = tan1(KII/KI).
Here, the effective Mode I/II stress intensity factor, K0 ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K2I þ K2II
q
, needed to advance the crack in the absence of plasticity
is taken to be independent of the Mode mixity, w0.
By deﬁning the length quantity, R0, as the approximate plastic
zone size in material No. 1 (above the interface)
R0 ¼ 13p
K0
rð1Þy
 !2
; and K0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ECtip
1 m2
r
ð2Þ
the fracture energy release rate at the crack tip, Ctip, enters as a lo-
cal fracture criterion through linear elastic fracture mechanics
(Jtip = Ctip), which applies in the elastic strip introduced by Suo
et al. (1993). Moreover, the macroscopic toughness at steady-state,
Jss, is in the following related to the corresponding K-ﬁeld, Kss, on
the outer boundary through an expression similar to Eq. (2b).
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considered in this study (for full details see e.g. Tvergaard and
Hutchinson, 1993). This approximation are justiﬁed by the
numerical study in Tvergaard (2001), where similar quantitative
predictions is presented for the macroscopic fracture toughness,
regardless of e.g. the stiffness mismatch, for a wide range of mode
mixities and local fracture toughnesses. Thus, the general trends in
the results to be presented presumably apply to a much wider
range of interfaces than considered in the present study.3. Model: constitutive relation and numerical procedure
3.1. The SSV model
Suo et al. (1993) put forward the SSV-model as a means of
investigating cleavage cracking in the presence of plastic ﬂow.
The model relies on the basic assumption that an elastic region,
on the order of the dislocation spacing, surrounds the crack tip
whereby the dislocations emitted at the tip play a minor role in
the fracture process, and are unlikely to blunt the major portion
of the crack front. In the steady-state formulation, this implies that
the crack lies fully within an elastic region of width 2D, whereby an
elastic singularity exists at the tip. The elastic energy release rate
can then be evaluated easily using the J-integral. Thus, the criterion
for crack propagation is: Gtip = Ctip, withCtip being the work of sep-
aration which must be supplied by the local elastic crack tip ﬁeld
for crack advance to occur. It is noticed that the SSV-model
assumptions are violated if the length of the fracture process zone
in front of the tip becomes comparable to the length quantity, D,
related to the elastic material strip. Hence, the model is valid only
for strong interfaces or materials in which the fracture process is
controlled by cleavage cracking or atomic separation (see Wei
and Hutchinson (1999) for further details).
3.2. Rate sensitive constitutive model
Employing a small strainmodel formulation, the total strain is ta-
ken as the sum of elastic, eEij, and plastic, e
p
ij, contributions:
eij ¼ eEij þ epij, whereby the current stress ﬁeld is determined from
the elastic relationship: rij ¼ Lijkl ekl  epkl
 
. Here, with Lijkl being
the isotropic elastic stiffness tensor. The total strain ﬁeld is deter-
mined from the current displacements: eij = (ui,j + uj,i)/2, and the rate
of theplastic strain is derived fromtheplastic potential surface (here
being the vonMises surface): _epij ¼ 3sij=ð2reÞ _epe . Here, sij is the Cauchy
stress deviator, while the effective plastic strain rate, _epe , is governed
by the power law shown in Eq. (3), which is widely used formetallic
materials in the range of negligible to moderate viscous behavior.
_epe ¼ _e0
re
gðepeÞ
 1=m
; with gðepeÞ ¼ rY 1þ
Eepe
rY
 N
ð3Þ
Here, E is Young’s modulus, rY is the initial yield stress, N is the
power hardening exponent, and re = (3/2sijsij)1/2 is the von Mises
effective stress. It is noticed that Eq. (3) reduces to the multiaxial
version of Nortons law for secondary creep when N = 0. ResultsTable 1
Mechanical properties.
Parameter Signiﬁcance Value
E Young’s modulus 200 GPa
m Poison ratio 0.3
rY Initial yield stress 200?1MPa
N Strain hardening exponent 0–0.5
m Strain rate hardening exponent 0.001–0.1
_e0 Reference strain rate 0.002 s1
Ctip Near tip fracture energy 1 J/m2for this special case are also included. The material parameters used
in the present study are summarized in Table 1.
Employing Eq. (3), the material experiences viscous behavior,
especially for high values of the strain rate hardening exponents,
m, where a constant stress level, well below the yield stress, gives
rise to plastic straining. Moreover, the current constitutive mate-
rial model approach the response of a J2-ﬂow material in the rate
independent limit (m? 0).
3.3. Steady-state formulation and numerical procedure
In this study, a steady-state ﬁnite element (FE) formulation is
chosen over a classical transient FE model since it directly brings
out the crack tip conditions at steady state, which is the aim for
the present analysis. Thus, the slow convergence of a transient
model is avoided and a ﬁner spatial resolution is obtained within
faster calculation time. Dean and Hutchinson (1980) deﬁne stea-
dy-state as the condition at which the stress and strain ﬁelds sur-
rounding the advancing crack tip remains unchanged to an
observer moving with the tip. Thus, any time derived quantity, _f ,
in the constitutive model can be related to the spatial derivative
through the crack velocity, _a, along the x1-direction, so that
_f ¼  _a @f
@x1
ð4Þ
An incremental quantity, in a given material point x1; x

2
 
, can then
be evaluated by a streamline integration along the negative x1-direc-
tion, which starts well in front (upstream, x1 ¼ x0  0; x2 ¼ x2) of
the active plastic zone and ends in the point of interest
x1 ¼ x1; x2 ¼ x2
 
. This spatial streamline integration is carried out
using a standard forward Euler time integration, with the point of
interest holding the history of all upstream material points.
The standard principle of virtual work for quasi-static steady-
state problems is considered. Thus,Z
V
deijLijklekldV ¼
Z
S
duiTidSþ
Z
V
deijLijklepkl dV ð5Þ
where eij are the total strains (speciﬁed in Section 3.2), Lijkl is the
elastic stiffness tensor, ui is the displacement vector, Ti is the surface
traction vector and epij is the plastic strain tensor. From Eq. (5), a
steady state solution is approximated using a numerical ﬁnite ele-
ment procedure similar to that of Dean and Hutchinson (1980),
Wei and Hutchinson (1997) and Niordson (2001). Here, employing
8-node isoparametric plane strain elements for the discretization of
Eq. (5), and reduced Gauss quadrature (2  2 Gauss points) for the
integration. The basis of the numerical steady-state procedure is
summarized below.
(1) Based on the plastic strains from the earlier iteration,
epðn1Þij , solve Eq. (5) to obtain the current displacement
ﬁeld, uðnÞi .
(2) Compute the total strain, eðnÞij , from the current displace-
ment ﬁeld uðnÞi .
(3) Determine the plastic strain ﬁelds by streamline
integrationepðnÞe ¼
Z x
x0
@epe
@x
dx; with
@epe
@x
¼  _e0
_a
rðn1Þe
gðepðn1Þe Þ
" #1=m
ð6Þ
epðnÞij ¼
Z x
x0
@epij
@x
dx; with
@epij
@x
¼ 3
2
sðn1Þij
rðn1Þe
@epe
@x
ð7Þ(4) Compute the current stress ﬁeld, rðnÞij , using the elastic
relationship.
(5) Repeat Steps 1 through 4 until satisfactory convergence
is achieved. Convergence in both the displacement ﬁeld
and the stress ﬁeld is here considered.
rnal of Solids and Structures 49 (2012) 576–583 579The iterative steady-state procedure is initiated using the elasticFig. 2. Steady-state interface toughness at w0 = 0 vs. inverse elastic layer thickness
(SSV parameter ‘‘D’’) for a homogeneous interface with N(1) = N(2) = N = [0.1,0.5],
m(1) =m(2) =m = [0.001,0.05,0.1], and (a) _a=ðR0 _e0Þ ¼ 102, and (b) _a=ðR0 _e0Þ ¼ 104.solution of a corresponding boundary value problem. Thus,
epð0Þij ¼ 0 in the ﬁrst iteration (n = 1).
To obtain accurate solutions for the elastic-viscoplastic consti-
tutive model described in Section 3.2, and maintain numerical sta-
bility changes to the ‘‘standard’’ numerical steady-state procedure
have been made. Compared to the procedure by Dean and Hutch-
inson (1980), the order in which the stresses and strains are eval-
uated has been interchanged so that the streamline integration is
made for the plastic strains, and not for the stresses. This allows
for very small values of the strain rate hardening, m, by enforcing
a high number of subincrements along streamlines were the ratio
re=g epeð Þ in Eq. (3a) exceeds unity. Thus, the streamline integration
is carried out by taking appropriate differences between Gauss
points on the same streamline (x2 = constant), by assuming a linear
variation in the stresses between the neighboring integration
points. This enables easy division of the interval into smaller sub-
increments (never less than 100).
The viscoplastic steady-state model has been validated against
a corresponding rate independent version of the program based
on a J2-ﬂow material model, which follows the steady-state proce-
dure in Dean and Hutchinson (1980) and Niordson (2001). As ex-
pected, it is found that the models prediction coincide for m? 0.
Furthermore, good agreements are found when compared to re-
sults in Suo et al. (1993) and Wei and Hutchinson (1999).
3.4. Dimensional analysis
With both the upper and lower material in Fig. 1 characterized
by an elastic-viscoplastic material model, that approaches the re-
sponse of a J2-ﬂow material in the rate independent limit, the main
focus is on the effect of material rate sensitivity on the macroscopic
interface toughness, i.e. on the crack tip shielding ratio deﬁned as,
Jss/Jtip. For this interface crack problem, dimensional analysis dic-
tates that the crack tip shielding ratio at steady-state is controlled
by (Wei and Hutchinson, 1999; Landis et al., 2000)
Jss
Jtip
¼ F _a
R0 _e0
;
R0
D
;
rð2Þy
rð1Þy
;
rð1Þy
E
;Nð1Þ;mð1Þ;Nð2Þ;mð2Þ; m;w0
 !
ð8Þ
In the following, the effect of these quantities has been analysed for
a parameter interval typical for metallic materials in order to gain a
parametric understanding of the steady-state crack growth process
in rate-sensitive materials.
4. Results
Fig. 2 shows the crack tip shielding ratio, that reﬂects the mac-
roscopic toughness owing to plastic dissipation, as function of the
SSV quantity R0/D for a slowly growing crack (in Fig. 2a) and a fast
growing crack (in Fig. 2b), in a homogeneous material interface un-
der Mode I loading. The phrase ‘‘a slowly’’ or ‘‘a fast’’ growing crack
here refer to the velocity interval investigated as it spans four or-
ders of magnitude. However, inertia effects are neglected through-
out the study as the maximum velocity considered is on the order:
_a ¼ 104R0 _e0, with R0  0.1  1 lm for interfaces undergoing atomic
separation, and R0  0.1  1 mm for separation occurring by the
ductile void growth mechanism (see Wei and Hutchinson (1999)).
For the velocities considered, the curves for m = 0.001 are
almost identical and they agree well with previously published
results by Suo et al. (1993). Independently of the crack velocity,
the strain rate hardening and the strain hardening, it is seen that
the macroscopic toughness increases with R0/D. But, by introduc-
ing rate sensitivity, the model reveals that the macroscopic
toughness increases monotonically with increasing rate sensitivity
at low crack velocity, while it decreases monotonically with
K.L. Nielsen, C.F. Niordson / International Jouincreasing rate sensitivity at high crack velocity. This has to do
with the time aspect of the stress build-up/relaxation in the vicin-
ity of the crack tip when m > 0. For a slowly growing crack, the
material has time to relax the stress ﬁeld through plastic straining,
whereby the plastic dissipation, and thus the macroscopic tough-
ness increases. This viscoplastic effect ampliﬁes with increasing
strain rate hardening, m, (see Eq. (3)). Vice versa, the material
has limited time to relax the near tip stress ﬁeld at high crack
velocity, whereby the macroscopic toughness decreases and ap-
proaches the near tip toughness, Jtip. Bearing in mind that the
shielding ratio is only little affected by the crack velocity when
m is small, a velocity for which the shielding ratio equals for two
different m-values must naturally exist, when keeping all other
material parameters constant.
This is conﬁrmed in Fig. 3 where the shielding ratio is shown as
function of the crack tip velocity, _a=ðR0 _e0Þ, for a homogeneous
material interface under Mode I loading. What is intriguing here
is the fact that all the curves for a given strain hardening, N, and
Fig. 3. Steady-state interface toughness at w0 = 0 vs. crack velocity for homoge-
neous interfaces shown for m(1) =m(2) =m = [0.001,0.05,0.1] and (a)
N(1) = N(2) = N = [0,0.1,0.5] with R0/D = 6, and (b) N(1) = N(2) = N = 0.1 with R0/
D = [4,8,12].
Fig. 4. Steady-state interface toughness vs. Mode mixity for an interface with
rð2Þy =rð1Þy ¼ ½1;1:25;2;1½ in the rate independent limitm(1) =m(2) =m = 0.001 shown
for N(1) = N(2) = N = [0.1,0.5] and R0/D = 8.
Fig. 5. Steady-state interface toughness vs. Mode mixity for an interface with
rð2Þy =rð1Þy ¼ ½1;1½ in the rate independent limit m(1) =m(2) =m = 0.001 shown for R0/
D = [4,8,12] and N(1) = N(2) = N = 0.1.
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characteristic velocity. Thus, the macroscopic toughness becomes
independent of the strain rate hardening at this velocity even
though the amount of material being plastically deformed can be
very different. The existence of this characteristic velocity can be
argued according to the viscoplastic stress-relaxation mechanism.
As discussed above, the shielding ratio must be equal for two dif-
ferent m-values (e.g. m = 0.001 and m = 0.1) so that the curves in
Fig. 3 intersect. Furthermore, the shielding ratio increases mono-
tonically with the strain rate hardening, m, for velocities below
the intersection point, and vice versa above the intersection point
(see Fig. 2). Consequently, any curve of intermediate m-value must
necessarily intersect at the exact same characteristic velocity,
_a=ðR0 _e0Þ.
Moreover, Fig. 3 shows that the macroscopic toughness
increases for decreasing strain hardening, and it increases for
decreasing width of the elastic strip in the SSV model setup. Thisagrees with results published by Suo et al. (1993) for rate indepen-
dent materials.
Figs. 4 and 5 show the crack tip shielding ratio as function of the
Mode mixity, w0, for an interface with m = 0.001 for the two sub-
strates, and a material hardness mismatch approaching inﬁnity
so that one substrate remains elastic in the limit rð2Þy =rð1Þy !1.
For ﬁxed R0/D and strain hardening, N, Fig. 4 shows that the mac-
roscopic toughness decreases with increasing hardness mismatch,
while the minimum interface toughness shifts towards increasing
Mode mixity, within the interval w0 2 [0,20], with minimum
toughness at w0 = 0 for a homogeneous interface. The drop in mac-
roscopic toughness is here tied to the plastic dissipation being lim-
ited in the harder substrate, so that only the soft substrate deforms
plastically in the limit rð2Þy =rð1Þy !1, while the shift of the mini-
mum is a combined effect of limited dissipation in the harder sub-
strate and the shape of the plastic zone under mixed Mode I/II
loading (see e.g. Tvergaard and Hutchinson, 1993; Tang et al.,
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range of w0 if material No. 1 and 2 were interchanged. These ﬁnd-
ings compare well to results in Tvergaard and Hutchinson (1993)
and Tvergaard (2001). Keeping the strain hardening constant,
Fig. 5 shows the effect of the quantity R0/D for both a homogeneous
interface rð2Þy =rð1Þy ¼ 1
	 

and a heterogeneous interface with one
elastic substrate rð2Þy =rð1Þy !1
	 

. For both interface types, the
shielding ratio increases for larger values of R0/D due to plastically
deformable material being nearer the elastic crack tip stress singu-
larity when R0/D increases. Vice versa, the macroscopic toughness
approaches that of the near tip fracture toughness, Jtip, for R0/
D? 0, since the elastic strip covers the entire plastic zone in this
limit. It is seen from Figs. 4 and 5, that the ﬁndings elaborated
on above apply to the entire range of Mode mixity, w0, considered.
By introducing substantial rate sensitivity (m 0), predic-
tions similar to those in Fig. 2 are obtained for both homogeneousFig. 6. Steady-state interface toughness vs. Mode mixity for a heterogeneous
interface with rð2Þy =rð1Þy !1, shown for m(1) =m(2) =m = [0.001,0.05,0.1],
N(1) = N(2) = N = 0.1, R0/D = 8 and (a) _a=ðR0 _e0Þ ¼ 102, and (b) _a=ðR0 _e0Þ ¼ 104.interfaces rð2Þy =rð1Þy ¼ 1
	 

and heterogeneous interfaces
rð2Þy =rð1Þy !1
	 

, when subject to mixed Mode I/II loading condi-
tions. Omitting here the homogeneous interface results, Fig. 6
shows the shielding ratio as function of Mode mixity for a slowly
growing crack (in Fig. 6a) and a fast growing crack (in Fig. 6b), in
a heterogeneous interface where one substrate remains elastic.
Similar to the results in Fig. 2, the macroscopic toughness is found
to increases monotonically with increasing rate sensitivity at low
crack velocity to increase and to decreases monotonically with
increasing rate sensitivity at high crack velocity to decrease for
interfaces with severe hardness mismatch for the entire interval
of Mode mixity considered. Furthermore, calculations have shown
that these observations hold independently of the strain hardening
level, N, and the quantity R0/D, while the macroscopic toughness
shows little affect of the crack velocity to decrease for small values
of m. When compared to results in Figs. 2 and 3, this suggests that
the current heterogeneous interface with a mismatch in hardness
should display a similar characteristic velocity, where the tough-
ness is independent of the strain rate hardening, even under mixed
Mode I/II loading. This is clearly brought out by Figs. 7 and 8, where
the shielding ratio is shown as function of the crack tip velocity,
_a=ðR0 _e0Þ, for the heterogeneous interface with rð2Þy =rð1Þy !1.
Fig. 7 shows the Mode I toughness for ﬁxed R0/D and with different
strain hardening levels, N, in the two substrates. Including the spe-
cial case of creep behavior (N = 0). Regardless of the strain harden-
ing, the Mode I toughness is predicted to be above that of the rate
independent limit for low crack tip velocities, and to approach the
tip toughness for high crack tip velocities, while a characteristic
velocity is clearly evident between these two extremes. Moreover,
a similar characteristic velocity is seen from Fig. 8 for an interface
with severe hardness mismatch and loaded in mixed Mode I/II. The
intersection point for the case of w0 = 15 is, however, seen to be
slightly off (marked with arrow in Fig. 8). This off-set is ascribed to
convergence issues in the numerical model as the point of intersec-
tion becomes increasingly distinct for a more strict convergence
requirement on changes in the displacement ﬁeld.
Finally, the mixed Mode toughness of an interface with mis-
match in strain hardening (N(1)– N(2)), or with mismatch in the
strain rate hardening (m(1)–m(2)) is presented in Figs. 9 and 10,
respectively. Here, results are shown for substrates of equal hard-
ness rð2Þy =rð1Þy ¼ 1
	 

, and for both a slowly growing crackFig. 7. Steady-state interface toughness at w0 = 0 vs. crack velocity for a hetero-
geneous interface with rð2Þy =rð1Þy !1 shown for m(1) =m(2) =m = [0.001,0.05,0.1],
N(1) = N(2) = N = [0,0.1,0.5] and R0/D = 8.
Fig. 8. Steady-state interface toughness for w0 = [15,15] vs. crack velocity for a
heterogeneous interface with rð2Þy =rð1Þy !1 shown form(1) =m(2) =m = [0.001,0.05,
0.1], N(1) = N(2) = N = 0.1 and R0/D = 8.
Fig. 9. Steady-state interface toughness vs. Mode mixity for an interface with
N(1) = 0.1 and N(2) = [0.1,0.5], shown for m ¼ ½0:001;0:05; rð2Þy =rð1Þy ¼ 1; R0=D ¼ 8
and _a=ðR0 _e0Þ ¼ ½102;104.
Fig. 10. Steady-state interface toughness vs. Mode mixity for an interface
with m(1) = 0.001 and m(2) = [0.001,0.05,0.1], shown for Nð1Þ ¼ Nð2Þ ¼ N ¼ ½0:1;0:5;
rð2Þy =rð1Þy ¼ 1; R0=D ¼ 8 and _a=ðR0 _e0Þ ¼ ½102;104.
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the strain hardening of material No. 1 constant at N(1) = 0.1, while
letting material No. 2 take the values N(2) = [0.1,0.5], it is seen from
Fig. 9 that predictions comparable with a mismatch in hardness is
obtained (compare to Fig. 6). As discussed, this has to do with the
difference in plastic dissipation between the two substrates, which
in turn is reﬂected in the shift of the minimum toughness for
mixed Mode I/II conditions. Rather similar predictions are obtained
for a mismatch in strain rate hardening. However, it is noticed that
the minimum toughness here occur in the negative range of w0 for
a slowly growing crack, while it occurs in the positive range for a
fast growing crack. In particular, this is evident for a large mis-
match in strain rate hardening.
The interface cracks considered in Figs. 9 and 10 all display sim-
ilar trends for the toughness as those discussed in relation to Figs.
2–8. Thus, a characteristic velocity, for which the toughness be-
comes independent of the rate sensitivity, is expected to exist.5. Concluding remarks
Mixed Mode I/II toughness of interfaces joining both similar and
dissimilar materials are studied intensively, using the SSV model
setup, with focus on the effect of material rate sensitivity. A widely
used elastic-viscoplastic model for metallic materials that ap-
proaches the response of a J2-ﬂow material in the time indepen-
dent limit (m? 0), and which include creep behavior at N = 0, is
employed (see Figs. 3 and 7, 8). Section 3 presents a variation of
the steady-state procedure by Dean and Hutchinson (1980), mod-
iﬁed to deal with the current material model, as-well as to open up
for steady-state studies with more advanced visco-plastic constitu-
tive models.
The heterogeneous interfaces considered in this study appear
frequently in layered material systems, e.g. in relation to thermal
barrier coatings where a mismatch in hardness and strain harden-
ing typically exists, while a mismatch in strain rate hardening is
easily imagined due to extreme temperature differences. Through-
out this study, it is shown that the crack tip shielding ratio, that re-
ﬂects the macroscopic toughness, is tied directly to the plastic
dissipation in the individual substrates. Thus, both the homoge-
neous interfaces and the heterogeneous interfaces considered
show similar trends for the macroscopic toughness. More speciﬁ-
cally, the mixed Mode I/II interface toughness for a crack growing
in an interface governed by the current elastic-viscoplastic mate-
rial model (see Section 3) displays the following general behavior
 the mixed Mode I/II macroscopic toughness increases with the
SSV quantity, R0/D, independently of the crack tip velocity,
strain rate hardening and strain hardening (see Figs. 2 and 5).
 the macroscopic toughness increases monotonically with
increasing rate sensitivity at low crack velocity, while it
decreases monotonically with increasing rate sensitivity at high
crack velocity. Moreover, the interface toughness is shown to
become independent of the crack tip velocity for m? 0 (see
Figs. 2, 6, 9 and 10).
 a minimum toughness exist atw0 = 0 (Mode I) for homogeneous
interfaces, while this minimum shifts to occur in the interval
w0 2 [20,20] for heterogeneous interfaces with increasing
mismatch in hardness, strain hardening or strain rate hardening
(see Figs. 4–7, 9 and 10).
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ity, at which the interface toughness becomes independent of the
strain rate hardening, must exist. This argument is followed up
through Section 4 by a wide range of calculations on both homoge-
neous and heterogeneous interfaces loaded in mixed Mode I/II. All
results distinctly conﬁrm the existence of this characteristic veloc-
ity. Unfortunately, no physical interpretation can be made of this
velocity, and it is yet to be identiﬁed in experiments. Anyhow,
the characteristic velocity unveils a potential of this well-establish
visco-plastic constitutive model, since it allows for predicting the
rate-independent toughness without approaching this limit
numerically.
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